Turbulent atmosphere produces random wavefront tilts in the propagating laser beam and the dynamics of turbulence largely depends on the receiving optics aperture size. In this paper, wavefront tilt variance is studied with various telescope aperture sizes in indoor convective turbulence. A simple experimental setup is described for simulating the near ground atmospheric turbulence by generating different strengths of convective turbulence in the laboratory. A laser beam is made to propagate through the turbulence subsequently induced wavefront tilt variances are experimentally measured and analysed statistically. The wavefront tilt variance is used to estimate the temporal characteristics using Fourier transform by varying aperture sizes and turbulence strengths (i.e. ambient, weak and moderate). The Hurst exponent, the Fried parameter and the wavefront tilt frequencies for the different turbulence strengths are calculated. The power dependence of the wavefront tilt variance on the telescope aperture size is studied and a deviation from the classical D -1/3 dependence is reported.
InTroduCTIon
Atmospheric turbulence gives rise to random phase and amplitude fluctuations in an optical beam while propagating through the atmosphere. Adaptive optics (AO) is a technique which measures and compensates these phase fluctuations induced due to atmospheric turbulence 1 . Adaptive optics is being used in a variety of applications as in astronomy 2 , medical science (ophthalmology) 3 , laser beam shaping 4 , and microscopy 5 . One of the applications of AO is in the terrestrial imaging 6 , in which near ground horizontal propagation of optical beam takes place. The near-ground propagation is significantly different in terms of severe variations in turbulence in comparison to the vertical propagation that is more common in astronomy. In defence applications, Nd:YAG laser is very commonly used and if we consider, e.g., propagation of 100 mJ Nd: YAG laser pulse (say pulse width 10 ns) will not distort within the pulse, however pulse stretching may take place. Depending upon the duty cycle variations in position and focusing of pulses will be observed. The corresponding peak power 10 MW may also lead to thermal blooming effect. A near-ground horizontal propagation and the estimation of the receiver size are of primary concern in defence application, which led us to study the turbulence effects by varying the turbulence strengths and the aperture sizes.
Evidently, the wavefront tilt variance is a function of telescope aperture. Turbulence induced wavefront tilt variance has extensively been studied theoretically for understanding its dependence on aperture size of the telescope. Bufton and Genatt 7 agree with the D -1/3 law in stellar observations. However, theoretically predicted Kolmogorov turbulence is hardly experienced in case of near-ground horizontal beam propagation. Significant experimental deviations have been reported 8, 9 . Further, for near ground horizontal propagation, the deviations have been experimentally confirmed in the case of indoor convective turbulence 10 . We have also observed the deviation from the classical D -1/3 dependence. So far the experiments have been conducted for shorter path length and for small aperture sizes. We have extended the study to moderate size telescope apertures and for longer propagation path. In addition, the effect of telescope aperture size on the temporal spectra of the turbulence induced wavefront tilt is also studied.
Turbulent atmosphere produces time variant phase fluctuations in the laser beam while propagation. Various methods have been adopted to study the temporal spectra of phase-related quantities [11] [12] [13] . These include measurement of some relevant parameters such as angle-of arrival (AOA) fluctuations using image centroid motion 11, 12 and variances of piston and tilt motions of the mirror segments of the corrector 13 . The temporal behaviour of turbulence has been extensively studied theoretically [14] [15] . This has been employed to determine the bandwidth of an adaptive optics system 11 . Such temporal frequency power spectra have been determined by tilt data (using Zernike expansion coefficients) for a point source with Kolmogorov turbulence 15 and other approaches, viz., fringe motion, image motion differential AOA, etc 16 . Most of these studies are for stellar observations involving vertical turbulence path and fixed aperture sizes. Determination of wavefront tilt frequency is an important parameter for deciding the closed-loop servo bandwidth of an Adaptive optics imaging system. To the best of our knowledge, no attempt has so far been made to study the aperture dependency of the variance of wavefront tilt and the frequency spectra in the case of near ground turbulence with horizontal propagation. We have carried out the temporal frequency analysis of turbulence induced wavefront tilt with different aperture sizes.
In the near ground atmosphere, the thermal effects is mainly attributed to free convection phenomenon. Due to differential solar heating of the ground and re-radiation of the long wave terrestrial radiations, convective air currents are generated in the atmospheric layers adjacent to the ground. The phenomenon is most accentuated within the surface layer extending upto 50 m -300 m, depending on the location. At higher altitudes, however, horizontal wind flow pre-dominates the convection phenomenon and Kolmogorov statistics can be applied satisfactorily 17 . usually, atmospheric turbulence can be generated in the laboratory by the three methods: (i) rotating static phase screens (ii) dynamic reconfigurable phase screens and (iii) turbulent fluid chambers 9 . Atmospheric turbulence has been generated by the two methods in the laboratory for small beam sizes: (i) phase plate (based on Near-Index-Matched method with a motorised assembly) which has low dynamics limited by the speed of the stepper motor 18 and (ii) hot-air chamber, which has high dynamics 19 . Thermally induced turbulence has been reported as being representative of the near-ground atmospheric turbulence 20 . To simulate the near ground turbulence, we generated thermal convective currents employing a set of electric heaters and pedestal fans.
In this paper, wavefront tilt variances induced by indoor convective turbulence are measured and analysed statistically. The turbulence strength and the tilt frequency spectra are estimated from the mean variance of the spot motion by varying the aperture sizes and turbulence strengths. A trend in the variation of weights of tilt frequencies with different aperture sizes is observed, however, any empirical relationship is not established. The Hurst exponent (H) and Fried parameter ( 0 r ) for different turbulence cases are also calculated. ) and H is the power exponent. Based on above model, the power dependence of wavefront tilt variance is estimated on telescope aperture size. The power exponent H, commonly known as Hurst exponent 22 , has a bounded range between 0 and 1. For the near ground experimental measurements, it has been reported that the Hurst exponent varies in the range (1/2, 5/6) 8-9 . This holds good for horizontal propagation in near ground turbulence and also for laboratory generated convective turbulence. For Kolmogorov turbulence (H = 5/6), the expression for variance reduces to the classical expression as propounded by Tatararski for two-axis wavefront tilt variance 1 .
MATheMATICAl forMulATIon
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where D is the diameter of the circular aperture, λ is the wavelength and 0 r is the Fried parameter. The Fried parameter ( 0 r ) is defined as the maximum diameter of receiving optics that is allowed before atmospheric distortion seriously limits the performance. The Fried parameter is widely used as a representative of the strength of turbulence integrated along the propagation path for a particular site and is the main parameter for designing an AO system. The values may vary from a few millimeters to a meter 1 . For near ground horizontal propagation, its values lie in the range of a few tens of millimeters 20 . For a horizontal path length, the Fried parameter ( 0 r ) for plane waves is given 1 by Eqn. (3):
where 2 n C is the refractive index structure constant, L is the propagation path length, and k is the wave number. The refractive index structure constant is used to describe the atmospheric turbulence profile with altitude. Generally, the value of 
experIMenTAl SeTup
The experiment was performed in the laboratory over a range of 12 m. The experimental schematic is as shown in by generating convective turbulence by using two electric heaters each of 1000 W of power and a fan (maximum rotation speed: 1200 rpm).
The optical waves propagated about 1m above the heaters and were collected using a Schmidt-Cassegrain telescope of aperture size 203.2 mm (diameter) and focal length 2000 mm. The telescope was set to infinity. The tilt introduced in the wavefront due to convective turbulence results in the spot motion at the focal plane of the telescope. To measure the spot motion, an optical beam positioner was placed at the telescope focus. The reference laser source and the telescope were both placed on the vibration isolation tables, so as to avoid the ambient mechanical vibrations.
reSulTS And dISCuSSIon
In the study, three different degrees of turbulence by switching on the heaters were generated and analysed. The characterising temperatures were measured with a mercury thermometer placed along the laser propagation axis that was about 1 m above the heaters. The generated turbulences were categorised into three cases with the respective measured temperatures (T) listed as follows: For each case, the turbulence settling time was fixed for 30 min to obtain steady turbulence profile. The present scheme offers a good approximation to near-ground turbulence, which is convective in nature. To select different turbulence scales, circular apertures of six different sizes (diameter) viz. 90 mm, 115 mm, 140 mm, 165 mm, 190 mm and 203.2 mm are placed in front of the telescope. By changing the diameter of the receiving aperture, we select the different turbulent scales, i.e., different eddies contributing to the wavefront tilt. In similar experiments, the inner scale has been reported to be of the order of a few millimeters 24 while the outer scale was about a hundred millimeters 25 . Thus it can be assumed that all our aperture sizes are in inertial range.
The optical beam position sensor measured the instantaneous x-y coordinates of the centroid of the spot. The data were captured at an acquisition rate of 500 Hz. Each data set was recorded for 4 s. We captured 10 such data sets (each containing 2000 sample data) for each of the six aperture sizes in the three turbulence strength cases. The typical laser spot motion is as shown in Figs. 2(a) -2(b) . The instantaneous position coordinates were employed to calculate the variance of the laser spot along the x and y-axis. The variance along the two axes was then analysed.
frequency Spectra of Wavefront Tilt Variance
The data were analysed using the Digital Fourier Transform (DFT) in MATlAB platform. We calculated the Fourier spectrum of all the ten records, each containing 2000 data sets, for all the six aperture sizes in all the three turbulence strength cases. The average of these 10 Fourier spectra was then taken as being representative of a particular aperture size in a given turbulence strength case. Different tilt frequencies were found to be dominant at different turbulence scales corresponding to different aperture sizes. Figure 3 (a) -3(c) represent Fourier spectra for 203.2 mm aperture size for all the three turbulence strength cases. Similarly, Fourier spectra were calculated for data corresponding to other aperture sizes for all the three turbulence strength cases. We took into account only those tilt frequencies whose weight was found to be at least 10 per cent of the weight of the most dominant frequency. Applying this threshold criterion helped us to determine and select the significant frequencies as against the background noise. The tilt frequencies observed as common in all the cases were 1 Hz, 2 Hz, 3 Hz, 4 Hz, 8 Hz, 13 Hz, and 25 Hz (all rounded off to the nearest integer for simplicity). lower frequencies (viz. upto 1 Hz or so) may be due to the platform or building vibrations and are not important for tilt frequency measurements. Though the experimental setup was placed on a stable platform, the possibility of platform vibrations could not be ruled out.
The effect of increasing turbulence strength on frequency content was also studied for commonly observed frequencies. While keeping the aperture size fixed, the weights of frequencies were plotted against the tilt frequencies for different turbulence strengths. In this manner the effect of various turbulence strengths was compared. The typical graph for the 90 mm aperture size is as shown in Fig. 4 . A similar trend is also observed for other aperture sizes. It is evident from the analysis that the weight of all the tilt frequencies increases with increasing turbulence strength thereby showing the expected behaviour within experimental errors/limitations.
We further analysed the effect of the change in aperture size on the weight of tilt frequencies while keeping the turbulence strength fixed. Again we selected and compared those tilt frequencies which were observed for all the six aperture sizes. This was done for all the three turbulence strengths, i.e., ambient, weak and moderate. We adopted best power fit method for studying the variation of frequencies' weight with aperture size. Figures 5 (a) -5(c) represents the weight of wavefront tilt frequencies as a function of aperture size. It is found that the weight of tilt frequencies decreases with increasing aperture size thereby indicating that in a given turbulence scenario the content of tilt frequencies tends to decrease at higher turbulence scales (i.e. larger aperture size). Thus it is clear that higher turbulence scales make lesser contributions to tilt frequencies. It appears from Figs. 5(a) -5(c), that the power spectrum curves become less steep at higher turbulence strengths. That is, the weight of tilt frequencies falls off with increasing aperture size, more rapidly compared to the weaker turbulence strengths. Moreover, the weight of all the tilt frequencies appears to attain limiting values with increasing aperture size. Beyond a certain aperture size, the weight of these temporal frequencies should be independent of the aperture size as long as the aperture size remains below the outer scale. This can be verified by extending the experiment for even larger aperture sizes. Once the aperture size exceeds the outer scale (or reduced below the inner scale) phase damping effect may set into the picture and other effects may be expected. However, we did not investigate into this region because of the limited size of our telescope aperture. More data and larger aperture range together with controlled turbulence strengths are required to be studied in detail. Thus, the dynamics of wavefront tilt for the near-ground turbulence with various apertures and turbulence strengths were studied. In all three cases of turbulence strength, the tilt frequencies were found to be limited to 25 Hz for all the receiving aperture sizes.
Wavefront Tilt Variance Study with Aperture Size
The variances corresponding to the radial shifts of spot centroid motion were calculated for each sample. The mean variance was then estimated by averaging the variances of the 10 samples for each aperture size. The process was repeated ambient, weak and moderate turbulences were -0.04, -0.18 and -0.47, respectively. The slope was found to increase with the increasing strength of turbulence thereby indicating that with increasing turbulence strength the wavefront tilt variance falls off more rapidly with increasing aperture sizes.
estimation of hurst exponent and fried parameter
The Hurst exponent (H) is calculated by applying slope fit method on the tilt variance data for the different turbulence scenario. using the calculated values of H, we estimated the Fried parameter ( 0 r ) using Eqn.
(1). Generally, 0 r is estimated using the Eqn. (2) that represents Kolmogorov approximated turbulence. In the case of near horizontal ground propagation, the use of Kolmogorov approximated 0 r estimation shows significant error. Results are as given in Table 1 . The estimated values of Fried parameter are found in good agreement with the actually observed values for near ground turbulence conditions 23, 26 . The experimentally measured values of the Hurst exponent (H) show a departure from the classical D -1/3 relation. In our experiment, the power dependence of aperture follows D -0.04 , D -0.18 , and D -0.47 for ambient, weak and moderate turbulences, respectively. Hence, the generated convective turbulence follows non-Kolmogorov statistics thereby signifying the observed behaviour of near ground turbulence. From the results obtained in the experiment, it is observed that there were no sudden falls in wavefront tilt variance for small and large apertures, i.e., phase damping effects are not observed. As inner and outer scales are independent of turbulence flow, we can safely assume that all our aperture sizes are within inertial range. It must be stressed here that all the observations presented are based on two premises. First, all aperture sizes are in inertial range and second, the turbulence is isotropic. We have ignored the central obstruction of the telescope aperture. The effects of an annular aperture may be more than that obtained by just blocking the contributions from those turbulence scales which are smaller than the obstruction. The optical alignment of the apertures with the telescope axis was done manually. Although extreme care has been taken to ensure proper alignment, any misalignment would result in erroneous measurements.
ConCluSIonS
In this paper, a simple experimental setup is described for generating various strengths of near ground convective turbulence in the laboratory. Wavefront tilt variances were measured and analysed statistically. As the study of tilt variance in the presence of indoor convective turbulence has been largely confined to very small size apertures and shorter path lengths, we extended the study to moderate size telescope apertures and for longer propagation path. A precise procedure for estimating the Fried parameter and the wavefront tilt frequency has been established. These two parameters are used in designing an adaptive optics (AO) system. The wavefront tilt frequencies are used for determining the closed-loop servo bandwidth of a typical AO system. The wavefront tilt frequencies are observed to be limited to 25 Hz. The wavefront tilt variance decreases with increasing aperture sizes for all the three cases of turbulence. Therefore, it is concluded that larger aperture sizes make the lesser contribution to the wavefront tilt. The Fried parameter is estimated by applying Non-Kolmogorov and Kolmogorov statistics models for different turbulence cases. In the case of ambient and weak turbulence, the use of Kolmogorov model in estimating 0 r leads to lower values, whereas in the case of moderate turbulence it overestimates. Therefore, for designing an AO system for moderate turbulence, a procedure is presented in the paper for accurate estimation of the turbulence parameters in near ground turbulence scenarios. Adaptive optics, vortex beams, wavefront information processing, computer generated holograms, etc. Contribution in current study, he was responsible for designing the experiment, data interpretation and proof reading.
